
Chapter 9
Discrete-Time Signals
and Systems

離散時間訊號與系統
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 A discrete-time signal 
- is defined only at discrete instants of time. 

 We denote a discrete-time signal as x[n], 
- where the independent variable n may assume only integer values. 

 A discrete-time system
- is defined as one in which all signals are discrete-time. 

 Discrete-time Signal Processing (DSP) 

 Sampling
- Continuous-time functions → Discrete-times samples
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 If the signal is sampled at regular increments of time 𝑇, the 
number sequence 𝑓 𝑛𝑇 ,𝑛 ൌ ⋯ ,െ2,െ1, 0, 1, 2, … , results. 𝑇 : the sampling period.
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Notations
 𝑓ሺ𝑡ሻ : a continuous-time signal
 𝑓ሺ𝑛𝑇ሻ : the value of 𝑓ሺ𝑡ሻ at 𝑡 ൌ  𝑛𝑇
 𝑓ሾ𝑛ሿ : a discrete-time signal that is defined only for n an integer

 Parentheses ( ) : continuous time
 Brackets [ ] : discrete time. 
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Continuous-amplitude signal
& Discrete-amplitude signal

𝑓ሺ𝑛𝑇ሻ ൌ 𝑓ሺ𝑡ሻቚ௧ୀ௡்𝑓ሾ𝑛ሿ ൌ 𝑓ሺ𝑡ሻቚ௧ୀ௡் ് 𝑓ሺ𝑡ሻቚ௧ୀ௡
 A discrete-time signal can be a amplitude-continuous 

signal

 Discrete-amplitude signal: 𝑥ሾ𝑛ሿ can be  defined only 
certain defined amplitude 

→ Digital signal
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Reasons that engineers are interested in discrete-time 
signals (Why Digital format?)

 Sampling is required if we are to use digital signal processing (DSP)

 Many communication systems are based on the transmission of discrete-time 
signals

 Sampling a signal allows us to store the signal in discrete memory.

 Automatically controlling physical systems require digital-computer 
implementation. 

 Consumer products such as CDs, DVDs, digital cameras, and MP3 players use 
digital signals.



 numerical integration as an example
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Sec. 9.1 Discrete-Time Signals and Systems 
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A Difference Equation

𝑦ሺ𝑡ሻ ൌ න 𝑥ሺ𝜏ሻ𝑑𝜏௧
଴𝑦ሺ𝑡ሻቚ௧ୀ௡ு ൌ 𝑦 𝑛𝐻 ൌ න 𝑥 𝜏௡ு

଴ 𝑑𝜏ൌ න 𝑥 𝜏ሺ௡ିଵሻு
଴ 𝑑𝜏ൎ 𝑦 𝑛 െ 1 𝐻 ൅𝐻𝑥 𝑛 െ 1 𝐻ൎIgnore 

𝑦ሺ𝑛𝐻ሻ ൌ 𝑦 𝑛 െ 1 𝐻 ൅𝐻𝑥 𝑛 െ 1 𝐻𝑦 𝑛 ൌ 𝑦 𝑛 െ 1 ൅𝐻𝑥 𝑛 െ 1
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Example 9.1 
Difference-Equation solution

 Consider the numerical integration of a unit step function
using Eluer’s rule.

 Assume initial condition 𝑦ሺ0ሻ ൌ 0.𝑥ሺ𝑛𝐻ሻ ൌ 1 for 𝑛 ൒ 0→ 𝑥ሾ𝑛ሿ ൌ 1 for 𝑛 ൒ 0 𝑦 𝑛 ൌ 𝑦 𝑛 െ 1 ൅ 𝐻𝑥 𝑛 െ 1𝑦ሾ1ሿ ൌ 𝑦ሾ0ሿ ൅ 𝐻𝑥ሾ0ሿ ൌ 0 ൅ 𝐻𝑦ሾ2ሿ ൌ 𝑦ሾ1ሿ ൅ 𝐻𝑥ሾ1ሿ ൌ 𝐻 ൅ 𝐻𝑦ሾ3ሿ ൌ 𝑦ሾ2ሿ ൅ 𝐻𝑥ሾ2ሿ ൌ 2𝐻 ൅ 𝐻⋮𝑦ሾ𝑛ሿ ൌ 𝑦ሾ𝑛 െ 1ሿ ൅ 𝐻𝑥ሾ𝑛 െ 1ሿൌ ሺ𝑛 െ 1ሻ𝐻 ൅ 𝐻 ൌ 𝑛𝐻𝑦ሺ𝑡ሻ ൌ න 𝑢ሺ𝜏ሻ𝑑𝜏 ൌ 𝑡௧
଴ , 𝑡 ൐ 0𝑦ሾ𝑛ሿ ൌ 𝑛𝐻 ൌ 𝑦ሺ𝑡ሻቚ௧ୀ௡ு Euler's rule gives the exact value for the 

integral of the unit step function

The exact integral of 
the unit step function
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Unit Step Functions
 Discrete-time unit step 

function𝑢ሾ𝑛ሿ ൌ ቊ1, 𝑛 ൒ 00, 𝑛 ൏ 0
 Time-shifted version 

𝑢ሾ𝑛 െ 𝑛଴ሿ ൌ ቊ1, 𝑛 ൒ 𝑛଴0, 𝑛 ൏ 𝑛଴
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Unit Impulse Functions

𝛿ሾ𝑛ሿ ൌ ቊ1, 𝑛 ൌ 00, 𝑛 ് 0𝛿ሾ𝑛ሿൌ 𝑢ሾ𝑛ሿ െ 𝑢ሾ𝑛 െ 1ሿ

 Time-shifted version  Discrete-time unit 
Impulse function 𝛿ሾ𝑛 െ 𝑛଴ሿ ൌ ቊ1, 𝑛 ൌ 𝑛଴0, 𝑛 ് 𝑛଴
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Equivalent Operation

න𝑥 𝜏௧
ିஶ 𝑑𝜏ቮ௧ୀ௡ு ൎ 𝐻 ෍ 𝑥 𝑘௡

௞ୀିஶ

 integration in continuous time      summation in discrete time
By Euler's rule

 the first difference𝑑𝑥 𝑡𝑑𝑡 ቤ௧ୀ௞ு ൎ 𝑥ሾ𝑘ሿ െ 𝑥ሾ𝑘 െ 1ሿ𝐻𝑑𝑥 𝑡𝑑𝑡 ⇔ 𝑥ሾ𝑛ሿ െ 𝑥ሾ𝑛 െ 1ሿ

න 𝑥ሺ𝜏ሻ𝑑𝜏 ⇔௧
ିஶ ෍ 𝑥 𝑘௡

௞ୀିஶ
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Equivalent Operation
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Time transformations

Time Reversal

௠ୀି௡
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Time scaling 𝑦ሾ𝑛ሿ ൌ 𝑥ሾ𝑚ሿቚ௠ୀ௔௡ ൌ 𝑥ሾ𝑎𝑛ሿ
捨棄非整數 n 部分

Down sampling
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Time scaling
Down sampling
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଴Time Shifting

𝑚 ൌ 𝑛 െ 2

object
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Ex. 9-2𝑦ሾ𝑛ሿ ൌ 𝑥ሾ2 െ 𝑛ሿ𝑚 ൌ 2 െ 𝑛 ⇒ 𝑛 ൌ 2 െ𝑚
General Form

axis

axis
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𝑦ሾ𝑛ሿ ൌ 3 െ 2𝑥ሾ𝑛ሿEx. 9.3

𝑥ሾ𝑛ሿ   𝑦ሾ𝑛ሿ
2 → -1
1 →  1
0 →  3

𝑦ሾ𝑛ሿ ൌ 3 െ 2𝑥ሾ2 െ 𝑛ሿEx. 9.4

Amplitude transformation 𝑦ሾ𝑛ሿ ൌ 𝐴𝑥ሾ𝑛ሿ ൅ 𝐵
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𝑦ሾ𝑛ሿ ൌ 3 െ 2𝑥ሾ2 െ 𝑛ሿEx. 9.4
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Transformation of signals
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9.3 Characteristics of discrete-time signals

௘ ௘௢ ௢௘ ௢
𝑥௘ሾ𝑛ሿ ൌ 12 𝑥ሾ𝑛ሿ ൅ 𝑥ሾെ𝑛ሿ𝑥௢ሾ𝑛ሿ ൌ 12 𝑥ሾ𝑛ሿ െ 𝑥ሾെ𝑛ሿ

Even and Odd Signals

The average value, or mean value, of a discrete-time signal

𝐴௫ ൌ limே→ஶ 12𝑁 ൅ 1 ෍ 𝑥ሾ𝑘ሿே
௞ୀିே
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 The sum of two even signals is even. 
 The sum of two odd signals is odd.
 The sum of an even signal and an odd signal

is neither even nor odd. 
 The product of two even signals is even.
 The product of two odd signals is even.
 The product of an even signal and an odd signal is odd.

Properties of Even and odd signals
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Ex. 9.5 Even and Odd Functions

෍𝑥ሾ𝑛ሿ ൌ෍𝑥௘ሾ𝑛ሿ ൌ 15
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Ex. 9.5 Even and Odd Functions𝑥௢ሾ𝑛ሿ ൅ 𝑥௢ሾെ𝑛ሿ ൌ 𝑥௢ሾ𝑛ሿ െ 𝑥௢ሾ𝑛ሿ ൌ 0
總和為 0
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 Consider 𝑥ሾ𝑛ሿ is obtained by sampling a sinusoidal
signal 𝑥 𝑡 ൌ cos ሺ𝑛𝜔଴𝑡ሻ every 𝑇 sec. 

𝑥 𝑛 ൅ 𝑁 ൌ 𝑥 𝑛 A discrete-time signal is periodic with period ൌ  𝑵

Hence, 𝑁𝜔௢𝑇 ൌ 𝑁 2𝜋𝑇଴ 𝑇 ൌ 2𝜋𝑘
, 𝑁 samples in 𝑘 periods of the signal

, where 𝑘 is any integer

Signal Periodic in 

⇒ 𝑇𝑇଴ ൌ 𝑘𝑁 ⇒ 𝑁𝑇 ൌ 𝑘𝑇଴
有理數

𝑥 𝑛 ൌ cos 𝑛𝜔଴𝑇  ൌ 𝑥ሾ𝑛 ൅ 𝑁ሿ ൌ cos 𝑛 ൅ 𝑁 𝜔଴𝑇ൌ cos 𝑛𝜔଴𝑇 ൅ 𝑁𝜔଴𝑇
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Ex. 9.6 Sampling of a sinusoid

𝑇 ൌ 0.5𝑠 ⇒ 4𝑇 ൌ 𝑇଴ 𝑇 ൌ 0.75𝑠 ⇒ 8𝑇 ൌ 3𝑇଴

𝑇 ൌ 2.5𝑠,𝑇଴ ൌ 2𝑠 ⇒ 4𝑇 ൌ 5𝑇଴

𝑥ሺ𝑡ሻ ൌ sin 𝜋𝑡 ⇒ 𝑇଴ ൌ 2𝑠
1

2

3

4

3週期取8點

5週期取4點

1週期取4點𝑇𝑇଴ ൌ 14
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Sampling of complex exponential signal

𝑒௝ఠబ௧ቚ௧ୀ௡் ൌ 𝑒௝ఠబ௡் ൌ 𝑥ሾ𝑛ሿ
𝑒௝௡ఠబ் ൌ 𝑥 𝑛 ൌ 𝑥ሾ𝑛 ൅ 𝑁ሿൌ 𝑒௝ሺ௡ାேሻఠబ்ൌ 𝑒௝௡ఠబ்𝑒௝ேఠబ்

𝑒௝ேఠబ் ൌ 1 ൌ 𝑒௝ଶగ௞𝑁𝜔଴𝑇 ൌ 2𝜋𝑘 ⇒ 𝑁𝑇 ൌ 𝑘𝑇଴𝑘𝑁 ൌ 𝑇଴𝑇
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 The discrete-time exponential signal that is not necessarily 
obtained by sampling a continuous-time signal.𝑥ሾ𝑛ሿ ൌ 𝑒௝௡ఠబ் ൌ 𝑒௝ஐబ௡ ൌ 1∠ሺΩ଴𝑛ሻ Ω଴ ൌ 𝜔଴𝑇𝑥ሾ𝑛ሿ ൌ 𝑒௝ஐబ௡ ൌ 𝑥ሾ𝑛 ൅ 𝑁ሿൌ 𝑒௝ሺஐబ௡ାஐబேሻൌ 𝑒௝ஐబ௡𝑒௝ଶగ௞Ω଴𝑁 ൌ 2𝜋𝑘 ⇒ Ω଴ ൌ 𝑘𝑁 2𝜋

正規化角頻率
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Real frequency 𝜔଴
Normalized discrete frequency Ω଴ ൌ 𝜔଴𝑇
Examples:𝑥ሾ𝑛ሿ ൌ cos 2𝑛

not periodic𝑥ሾ𝑛ሿ ൌ cos 0.1𝜋𝑛
periodic

Ω଴ ൌ 2, 𝑘𝑁 ൌ 1𝜋 ∉ 𝐐
Ω଴ ൌ 0.1𝜋, 𝑘𝑁 ൌ 120 ∈ 𝐐

Ω଴ ൌ 𝑘𝑁 2𝜋
取樣週期
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𝑁 ൌ 2𝜋𝑘Ω଴
𝑁 samples/periodic

, 𝑘 is the smallest integer

𝑥ሾ𝑛ሿ ൌ cos 0.1𝜋𝑛Ex:

𝑁 ൌ 2𝜋𝑘0.1𝜋 ൌ 20𝑘, 𝑘 ൌ 1
⇒ 𝑁 ൌ 20 samples/period

(每個連續時間訊號週期，取幾個樣本)
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଴
samples/periodic

, is the smallest integer

Ex:
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The discrete-time sinusoid ଴
1. ଴ is periodic in  only if, 

଴
2. ଴ is periodic in with periodic 

଴ ଴
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 Some equivalent discrete-time signals are introduced
 These signals can appear in the transient response of 
certain discrete-time systems.

9.4 COMMON DISCRETE-TIME SIGNALS
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COMMON DISCRETE-TIME SIGNALS

𝑥ሾ𝑛ሿ ൌ 𝑎𝑥ሾ𝑛 െ 1ሿ
Suppose 𝑥ሾ0ሿ ൌ 1𝑥ሾ1ሿ ൌ 𝑎𝑥ሾ0ሿ ൌ 𝑎𝑥ሾ2ሿ ൌ 𝑎𝑥ሾ1ሿ ൌ 𝑎ଶ⋮𝑥ሾ𝑛ሿ ൌ 𝑎𝑥ሾ𝑛 െ 1ሿ ൌ 𝑎௡



連續時間指數信號ି௕௡ ି௡
• Letting ௕
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௡ ௕ ௡ ௕௡
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Investigate the characteristics of the discrete-
time signal 𝑥ሾ𝑛ሿ ൌ 𝑎௡

௡ ௕ ௡ ௕௡Let ௕
ex. ௡௕ ௡ ି଴.ଵ଴ହ௡

Suppose we sample an exponential signal every 𝑇 secondsିఙ௡் ିఙ் ௡ ௡, time constant ଵఙି்/ఛ ௡ ௡
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𝑒ି்/ఛ ൌ 𝑎 ⇒ 𝜏𝑇 ൌ െ1ln𝑎
The number of samples per time constant 𝜏 /𝑇
We can assign a time constant 𝜏 ൌ ି்୪୬ ௔
to the discrete exponential signal 𝑎௡

Ex. 9.7 For the signal 𝑥ሾ𝑛 ൌ 0.8 ௡𝜏𝑇 ൌ െ1ln 0 . 8 ൌ 4.48 ⇒ 𝜏 ൌ 4.48𝑇
4.48 samples/time constant.  Assume 𝑛𝑇 ൐ 4𝜏, amplitude can 

be neglected.𝑛𝑇 ൐ 4𝜏 ൎ 18𝑇 ⇒ 𝑛 ൐ 18

每個時間常數，取樣數目

第18個以後的取樣點可以忽略不計
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9.5 COMMON DISCRETE-TIME SIGNALS

 System
A process for which cause-and-effect relations exist

Ex: the Euler integrator 𝑦 𝑛 ൌ 𝑦 𝑛 െ 1 ൅ 𝐻𝑥 𝑛 െ 1

Example: A low-pass digital filter
the filter removes the higher frequencies in a signal, while 
passing the lower frequencies.𝑦ሾ𝑛ሿ ൌ 𝑇 𝑥ሾ𝑛ሿൌ 1 െ 𝛼 𝑦ሾ𝑛 െ 1ሿ (an α-filter, 0<α<1)

Choices of α and the sample period T determine the range 
of frequencies that the filter will pass.
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Interconnecting Systems

𝑦 𝑛 ൌ 𝑦ଵ 𝑛 ൅ 𝑦ଶ 𝑛ൌ 𝑇ଵሾ𝑛ሿ ൅ 𝑇ଶሾ𝑛ሿൌ 𝑇 𝑥ሾ𝑛ሿ
𝑦ሾ𝑛ሿ ൌ 𝑇ଶ 𝑦ଵሾ𝑛ሿ ൌ 𝑇ଶ 𝑇ଵ 𝑥ሾ𝑛ሿൌ 𝑇 𝑥ሾ𝑛ሿ
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9.6 PROPERTIES OF DISCRETE-TIME SYSTEMS

 Systems with Memory
A system has memory if its output at time 𝑛𝑜, 𝑦ሾ𝑛𝑜ሿ, depends on input values other than 𝑥ሾ𝑛௢ሿ
Ex: A simple memoryless discrete-time system 

(a static system )

Ex: An example of a system with memory 

𝑦ሾ𝑛ሿ ൌ 5𝑥ሾ𝑛ሿ

(a dynamic system )

𝑦ሾ𝑛ሿ ൌ  𝑦ሾ𝑛 െ 1ሿ ൅ 𝐻𝑥ሾ𝑛 െ 1ሿ 
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 Invertibility
Distinct inputs results in distinct outputs

Ex: 𝑦ሾ𝑛ሿ ൌ 𝑥ሾ𝑛ሿ
=> not invertible

Inverse of a System

𝑦ሾ𝑛ሿ  ൌ  𝑇௜ 𝑇ሺ𝑥ሾ𝑛ሿሻ  ൌ  𝑥ሾ𝑛ሿ
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 Causality
Causal Systems
A system is causal if the output at any time is dependent 
on the input only at the present time and in the past.
All physical systems are causal, whether continuous or discrete 

Ex: unit delay 𝑦ሾ𝑛ሿ ൌ 𝑥ሾ𝑛 െ 1ሿ causal

Ex: averaging system𝑦ሾ𝑛ሿ  ൌ  13 ሾ𝑥ሾ𝑛 െ 1ሿ൅ 𝑥ሾ𝑛ሿ൅ 𝑥ሾ𝑛 ൅ 1ሿሿ noncausal
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 Stability
BIBO Stability :
the output remains bounded for any bounded input 𝑥ሾ𝑛ሿ ൑ 𝑀 for all 𝑛.⇒ 𝑦ሾ𝑛ሿ ൑ 𝑅 for all 𝑛.

Ex: the Euler integrator𝑦ሾ𝑛ሿ ൌ  𝑦ሾ𝑛 െ 1ሿ ൅ 𝐻𝑥ሾ𝑛 െ 1ሿ 𝑦ሾ𝑛ሿ ൌ 𝐻 ෍ 𝑥ሾ𝑘ሿ௡ିଵ
௞ୀିஶ

is not stable when 𝑥ሾ𝑘ሿ ൌ constant 
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 Time Invariance
if a time shift in the input results only in the same time 
shift in the output.𝑦ሾ𝑛ሿቚ௡ି௡బ ൌ 𝑦ሾ𝑛ሿቚ௫ሾ௡ି௡బሿ𝑥ሾ𝑛 െ 𝑛଴ሿ → 𝑦ሾ𝑛ሿ|௫ሾ௡ି௡బሿ𝑦ሾ𝑛 െ 𝑛଴ሿ ൌ 𝑦ௗሾ𝑛ሿ
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 Linearity𝑎ଵ𝑥ଵሾ𝑛ሿ ൅ 𝑎ଶ𝑥ଶሾ𝑛ሿ → 𝑎ଵ𝑦ଵሾ𝑛ሿ ൅ 𝑎ଶ𝑦ଶሾ𝑛ሿ
(superposition)

Ex1: Linear system𝑦ሾ𝑛ሿ ൌ 𝐾𝑥ሾ𝑛ሿ
Ex2: Nonlinear system𝑦ሾ𝑛ሿ ൌ 𝑥ଶሾ𝑛ሿ

Prove it by yourself!
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Ex. 9.10 Illustrations of discrete-system properties

𝑦ሾ𝑛ሿ ൌ 𝑛 ൅ 2.5𝑛 ൅ 1.5 ଶ 𝑥ሾ𝑛ሿ
1. Memoryless
2. Invertible

3. Causal
the output does not depend on the input at a future time

4. stable

5. Not time-invariant

6. Linear

𝑥ሾ𝑛ሿ ൌ 𝑛 ൅ 1.5𝑛 ൅ 2.5 ଶ 𝑦ሾ𝑛ሿ
𝑦ሾ𝑛ሿ ൑ 9𝑀,  for 𝑥ሾ𝑛ሿ ൑ 𝑀 Prove it by yourself!𝑦ሾ𝑛ሿቚ௡ି௡బ ് 𝑦ሾ𝑛ሿቚ௫ሾ௡ି௡బሿ

𝑎ଵ𝑥ଵሾ𝑛ሿ ൅ 𝑎ଶ𝑥ଶሾ𝑛ሿ → 𝑛 ൅ 2.5𝑛 ൅ 1.5 ଶ 𝑎ଵ𝑦ଵሾ𝑛ሿ ൅ 𝑎ଶ𝑦ଶሾ𝑛ሿൌ 𝑎ଵ𝑦ଵሾ𝑛ሿ ൅ 𝑎ଶ𝑦ଶሾ𝑛ሿ



- The End of Chapter 9 -


