DISCRETE-TIME LINEAR
TIME-INVARIANT SYSTEMS

CHAPTER |0

10.1 IMPULSE REPRESENTATION OF DISCRETE-
TIME SIGNALS

= |MPULSE REPRESENTATION OF DISCRETE-TIME SIGNALS
1, n=ng
oln — = .
[n nO] {0, n # n
x[n]é[n — ng] = x[ne]d[n — ne).
= We define the signals
x[-1], n=-1
0, n#-1

xo[n] = x[n)d[n] = x[0)8[n] = {3’[01, Z B 8;

xi[n] = x[aoln + 1] = x{~1jo[n + 1] = {

x,[n] = x[n]8[n — 1] = x[1]8[n — 1] = {g’[l]’ Z : 1




10.2 Convolution for discrete-time systems

= Property of convolution sum:
8[n]=g[n — no] = 8[n — nol*g[n] = g[n — ng|.
d[n]g[n — no] = g[—nod[n]

8[n — nylg[n] = g[ne]d[n — ny,

oo

x[n] = > x[k]d[n — k.
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Figure 10.1 Representation of a signal
() (d) with discrete-time impulse functions.




Convolution sum for DT signals

——> System p——>

Figure 10.2 Impulse response of a system.

yln] = kioox[k]h[n — k] = x[n]*h[n]
= > lklx{n — k] = K{nlsx{n]
k=—00

® To illustrate a property of the convolution sum, we calculate the
output ar n = ().
y[0] = -+ + x[-2]A[2] + x[—1]A[1] + x[0]A[0]
+ x[1]A[—1] + x[2]A[-2] + ---.

EXAMPLE 10.1

A Finite Impulse Response System

= The system difference equation directly from Figure 10.3 is

y[n] = (x[n] + x[n — 1] + x[n — 2])/3.

h|n] = (8[n] + 8[n — 1] + 8[n — 2])/3.

h[0] = (8[n] + 8[n — 1] + 8[n — 2])/3],=0 = (1 + 0 + 0)/3 = 1/3:
h[1] = (8[n] + 8[n — 1] + 8[n — 2])/3l,=1 = (0 + 1 + 0)/3 = 1/3;
h[2] = (8[n] + 8[n — 1] + 8[n — 2])/3],=o = (0 + 0 + 1)/3 = 1/3;
h[n] = 0, all other n.

x[n] Ve WL
This is a finite impulse response (FIR) ]
system; that is, the impulse response o 22—l
contains a finite number of nonzero
-2
terms. > p -2

Figure 10.3




EXAMPLE 10.2 ( /A2 38 )

System Response by Convolution for An LTI System

o0

= Find the convolution sum x[n] * h[n].  y[n] = D x[n — k]h[k].

— An

x[m]
6 h[k]
1] ‘ o
0 1 2 3 T = fl 0 1 2 3k

6 x,[k] = x[n — k]

45 (T ylnl
‘ : 3l »

_____

n=1:5;
x=[3 4.5 6];
h=[1/3 1/3 1/3];
y=conv(x,h)
y[n] stem(n,y, "HT1"), grid




EXAMPLE 10.3

Calculation of the impulse response of a discrete system

y[n] = ay[n — 1] + x[n]. hin]=ah[n —1]+6[n]

il [ R[0]=ax 0+ 8[0]
- ) hl1=ah[0]+511]

(+) > D :
yln] ’
T \h[n]za”,nZO

@in—1] hin]=a"u[n]

= The unit impulse response consists of an unbounded number of terms;
this system is called an infinite impulse response (lIR) system

1
a

x[n] -

EXAMPLE 10.4

Step response of a discrete system with h[n] = 0.6"u[n]

= Find the unit step response of this system, with x[n] = u[n].

y[n] = k_E x[n — k)h[k] = k; uln — k](0.6)*ulk] = kZO(O.6)".
n 1 — g*t! 8 X L= (0.6)"+1 +1
Sak = y[n] = D (0.6) = —————=25[1 — (0.6)"*"]. n=0.
=h ]~ g : k=0 1—-0.6
ylnl
2.5 —————————————————;——;;———-—“———'
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MATLAB® EXAMPLE CODE

= Unit step response

% Example 10.4.

x=ones (1,11);

for k = 1:10;

h(k) = 0.6A(k-1);

end

c=conv (x,h); 25

for k=1:11;
n(k)=k-1; 2
y(k)=c(k);

end 15

[n" y']

stem(n, y, 'fill'") 1

0.5

% This MATLAB program performs the convolution operation of
% Establish the input unit-step function.

% Compute the system impulse response.

% Convolve the input with the impulse response and plot.

Properties of convolution Sum

a) Commutative property
b) Associative property

c) Distributive property

> hy[n]

x[n]

> Iy[n]

At P g 5 e ) | )
(@)
ﬂhl[n] > /1,1 L['L] — &»hlln]*hz[n]—y[ﬂ
yln]

U N

Distributive property




10.3 Properties of Discrete-time LTI Systems

= Memory

= A memoryless LTI system is then a pure gain, described by y[n]| = Kx[n].

= [Invertibility
h[n]+hi{n] = &[n].
= We do not present a procedure for finding the impulse response given A[n]. This
problem can be solved with the use of the z-transform of Chapter 11.
= Causality
ylm] = T(x[n]), n = ny,
= As an additional point, a signal that is zero for is called a causal signal

= For a causal LTI discrete-time system, h[n] = 0 for t < 0.

= Stability N
= h[n] is said to be absolutely summable. 4= k_z_ |h[k]| < oo.

EXAMPLE 10.6
Stability of an LTI discrete system with A[n] =<

N —
N—————
]
ISy
S,

- [ 1)\" 1
> |h[n]|=2<5> 115 =2

n=—00 n=0




10.4 Difference-Equation Models

= A first-order discrete-time system model
yln] = ay[n — 1] + bx|n].

® The general form of an Nth-order linear difference equation
with constant coefficients is,

N M
Sayln — k] = D bx[n — k], ay # 0.
k=0 k=0

® |t can be shown by these procedures that this equation is
both linear and time invariant.

EXAMPLE 10.11

Stability of a discrete system

m Suppose that a causal system is described by the difference
equation

y[n] — 1.25y[n — 1] + 0.375y[n — 2] = x[n].
s 1-—-1.2527"40.375272=0,
22—1.2524+0.375=0, — 2=0.75, 0.5
® The natural response is given by
ye[n] = C1(0.75)" + C5(0.5)".

® This function approaches zero as n approaches infinity. It’s a
stable system.

All roots satisfy |z| < 1, then the system is stable.




EXAMPLE 10.12

Simulation diagram for a discrete system

= Considered a discrete-time system described by the difference
equation y[n] — 0.6y[n — 1] = x[n].

Al N vl The transfer function
1
Hz)=—F—
D 1—-0.6z
0.6y[n — 1] P
0.6 ¥ln=1] T 2-0.6
MATLAB program with x[n] = 4. y[n]
ynminus1=0;
for n=0:3 ’
yn=0.6*ynminusl+4 6
ynminusl=yn; 4
end 2
result: yn=4 6.4 7.84 8.704 n

BLOCK DIAGRAM (TYPE |)

agy[n] + ayy[n — 1] + apy[n — 2] = byx[n] + bix[n — 1] + byx[n — 2].

x[n] N\ “nl wln] yln]
bo \+/ \+-/ 1/(10
Y
D D
x[n —1] yin—1]
> by —><+> <+><— —ay |
A
D D
x[n — 2] yln—12]
by —a




BLOCK DIAGRAM (TYPE II)

apy[n] + ayy[n — 1] + ary[n — 2] = byx[n] + byx[n — 1] + byx[n — 2].

x_>(["] + Y| 1ag > by >+ > i

<+><— —ay || b, —><+>

A

Y

S
5

—ay

EXAMPLE 10.14

Transfer function for a discrete system

= The a-filter
y[n] = (1 — a)y[n — 1] = ax[n].

o (s 74

H — —_— .
(2) l-(1-az' z-(1-0a
x[n] az y[n]
> —— 1= -
Il ) Figure 10.21 «-Filter.




Magnitude Response (dB) and Phase Response
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Power spectral density
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LTI System Input-Output Functions

® LTI systems
TABLE 10.1 Input—Output Functions for an LTI System

H(z) = i hlk]z™*
k

=-00
X} —> XH(z)Z}, X = |X|e/®

|X| cos(Qn + ¢)— | X||H(E™)| cos(Qn + & + 0y)

X[n]: ] y[':l] — x[n] Hi:] y[n]

e

Hlz] = 2 h[k]z™ .
i Figure 10.22 LTI system.




CHAPTER 10

-THE END -




