CHAPTER III

3.1 (a) Since F(+00) = 1, we have a = 1.
And px)=1,z=5

=0, elsewhere
Fix) Pray

Figure 3.1a

(b) Since F(+o00) =1, we have a =1
And  p(z)=1/3 ,2=5

=2/3,x="7
=0, elsewhere
Fix) Piz)
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(c) Since F(z) is non-decreasing and F(+o00) =1 ,we have

Figure 3.1b
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Figure 3.1c
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(d) Since F(z) is non-decreasing and F(+o00) = 1, we have a > 0. And

f(z) =dF(z)/dx =ae ™ , x>0

=0, elsewhere

(1)

x o z
Figure 3.1d

(e) Since F(z) is non-decreasing and F(z) < 1, we have a > 0. For a >0,

dF
fa) = T _ et 0<a <
=0, elsewhere
Fl) "",‘ g<a« |

il
Figure 3.1e.1
For a =0
piz)=1,2=0
=0, elsewhere

Ft=), Pex)

! !

] "Tx o x

Figure 3.1e.2

(f) Assuming that X does not have a mixed distribution, we have
asin 'vV/1=1 or a=2/7

:dF(m): ! 0<z<1
dz m/r(l—2z) —  ~

=0, elsewhere

f(z)
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Fix,
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|
0.637 -
I
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o I T x o 05 [ X
Figure 3.1f

(g) Since F(+o00) = 1, we have a+1/2 =1 or a = 1/2. X has a mixed-type distribution,
neither pmf nor pdf exists.

Flx)

-

Q@ x

Figure 3.1g

z <6)=F(6) =Y 1/2/ = 63/64

Jj=1

P(1/2<z<7)=F(7)—F(1/2) = i 1/20 —0 =127/128

(d) P(x<6)=F(6)=1—e 0
P1/2<x<T)=F(7)—-F(1/2)=(1-e ) -~ (1—-e %) =e %2 —e " a>0
(e) P(x<6)=F(6)=1
P(1/2<z<T7T)=F(7)—F(1/2)=1-(1/2)*, a>0
(f) P(x<6)=F(6) =1
P(1/2<a:§7):F(7)—F(1/2):1—3sm’1%:1—%(%) =1
(g) P(x<6)=F(6)=1+(1-e/34+1)=1(2-e"1/?)
P(1)2<2<T)=F(7)—-F(1/2)=3(2—e?—24 e 1/4) = L(e 1/t —e77/?)
3.3 (a)
felx) Feix
- i Plz<xz<4)
Lo
0 ,_J.._P’_
o6 :
Pla<x<d)= g3 !
o2k B a2 b ,_=
Ly —
e ¢ 2 3 x @ ¢ 2 3 *®

Figure 3.3a
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(b)
£, (%) Felx)
[
2T L)
4 ) T g
Area=P(2<X<4) A :
[ [
Lo
e 5 2 3 4 a 2 3 4
Figure 3.3b
3.4 Fx(z) = [*_ fx(u)du
(a) Fx(z)=0, 2 <90
—0.1z-9, 90 <z < 100
-1, x> 100
(b) Fx(z)=0, <0
:23:—3:2, 0<z<1
=1, r>1
(c) Fx(z)=21tan'z+3, —co<z <0
3.5 (a) a=1
(b)
K )
0 [
if2

P(X >2) 1/1
P(X>1) (2/9)(2

1 100 2
100, _ 100 _ 2

3.6 13()(2150):/x2 =2

150
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3.7 (a)
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Figure 3.7a
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Figure 3.7b
@)P@Zl&:[shwm

[} ()00 3) -3
(d) P(T >15)=1-P(T < 15)

15 152] 1
=1-Fp(15)=1- |2 - 2| =2
7(15) {15 900] 4

P(15<T<16NT > 15)

(e) P(15< T <16|T > 15) = P> 15)

orais = [ srasasa

15
=0.322

3.8 Let X be the time of arrival in minutes. Then )
Prob. desired = Shaded area/Total area v

_ Length from 7:58 to 8:00
B Total length o

i
=2/5=04 758 Boo go3 X

Figure 3.8
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3.9 Consider only half of the bridge as shown in Figure. Then

P ¢
Fx(z)=P(X<z2)=0, 2<0 | ¥ I
=xz/b, 0<z<bh o %I
=1, =x>b — b 'i
and
Figure 3.9.1
fx(x) = dF;(x(w) =1/b,0<x<b
=0, elsewhere
(=1
Fx £ (%
I
'."'b _____l
o b x o b x

Figure 3.9.2

3.10 Consider only half the line segment AB and let Y be the distance from the midpoint of
AB to the fire as shown in Figure. Then

Fire Fafion

Fx(z) = P(X <z)=P(V@ + Y2 < z) 1
= P(Y <22 — @) d

= Fy (V2% — &)

iy —

Figure 3.10.1

The r.v. Y is uniformly distributed over (0,5/2) or

Fy(y)=0, y <0
=2y/b, 0<y<b/2
=1, y>b/2
ol
Then
'_
Fx(z) =0 , z<d /—
2 -
_EVmQ_dQ’ d<z<a s ] d dl. -
=1, x>a -F;[‘:l-'}l‘ i
|
and 44 I\
= I
dFx (z) 2x ? i i
T) = = ,d<zr<a I L
WO ===~y 157 o 4  a %
=0, elsewhere

Figure 3.10.2
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3.11 Let ro be the desired radius.

0
r(r0) / fr(r dr—/ ae” *"dr

e =0.95

ro = ——ln0.05 =3/a
a

3.12 Let Y be the r.v. representing the time instant at which the velocity v is applied. Then
fr(y) has the form

=0, elsewhere

(a) Tt is clear that X is restricted to the range (0,vt). Hence,

Fx(z)=0, <0
=1, z>uvt

For 0 < z < wt, we have
X=o0t-Y) or Y=t—=

Fx(z) = P(X <)
= Plu(t-Y) < ] :P(Y>t—%)

x x
=1-PY <t——)=1—Fy(t——
(<t-D)=1-Fyt-2)

Since Fy(y) =y ,0 <y <1, we have
Fx(z)=1—-t+2%2 ,0<z <t
or

@
=z
= 2
AVART

wle o=
N N
I

[S—

|

5

;S

—~
Wl

SN

(0.6)(0.6) = 0.36
Since pr(l 1) # px(1)py (1), they are not independent.
2
(i) (@) fx(@) = [Cato+nay=ate+3), 0551
1

=0, elsewhere

! 1
fy(y)Z/O a(z +y)de = a(y+5) , 1<y <2

=0, elsewhere
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(b) Since fxy(z,y) # fx(z)fy(y), they are not independent.
(iii) (a) fx(a) = / Tt — e a5
0

=0, elsewhere

fr(y) = / e~ (@+y) — o~y , y>0
0
=0, elsewhere

(b) Since fxy(z,y) = fx(z)fy(y), they are independent.

(iv) (a) fx(z) = /Oz4y(:n — y)e_(””+y)dy =4de e " (z+2)+(x—2)], x>0

=0, elsewhere
fr(y) = / dy(z — y)e*(”y)da? =4ye 2, y>0
y
=0, elsewhere

(b) Since fxy(z,y) # fx(z)fy(y), they are not independent.

3.14 (a) px(z) =01+02=03,z =1

py(y) =01+03=04,y =1
=02+04=06, =2

(b) P(X =1) =px(1) =0.3
(c) P(2X <Y) =pxv(1,2) =02

3.15 17,V and Y3 also take values +1.
pY1(]-) :P(X1 :_].ﬂXQ = —1)+P(X1 = ].ﬂXQ = ].)
=Px, (_1)pX2(_1) +px, (1)pX2(1)
= 1/4+ 1/4 = 1/2
Similarly,
le(_l) = le(_l)pX2(1) +pX1(1)pX2(_1) = 1/2
pv:(1) =1/2, pv(=1) =1/2, py(1) =1/2, py,(-1) =1/2
Now
pleQ(l, 1) = P(XlXQ =1 ﬁX2X3 = 1)
:P(X1 - lﬁXQ - 10X3 - 1)+P(X1 - —10X2 - —10X3 - —1)
=Px; (l)pX2 (l)st (1) +Dpx, (_l)sz (_l)st (_1)
—1/8+1/8=1/4
Hence pY1Y2(17 1) = le(l)pYQ(l)
Similarly, we can show that
pY1Y2(17 _1) = le(]-)pY2(_]-) ) pY1Y2(_17 1) = le(_]-)pY2(1)
AT (_17 _1) = Pv (—1)py2 (_1)
Hence, Y; and Y, are independent.
Similar procedures show that Y; and Y3 are independent and Y; and Y3 are independent.
Consider
py1y2y3(]., 1, ].) = P(X1X2 =1NX1Xs=1NXyX35= ].)
:P(X1 - ].ﬂX2 - ].ﬂXg - 1)+P(X1 - —].ﬂXQ - —].ﬁX3 - —].)
=Px, (l)px2 (1)pX3(1) +px, (—l)pXQ(—l)pxa(—l)
= 1/4
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But py, (1)py, (N)py. (1) = (1/2)(1/2)(1/2) = 1/8
Hence, py,v,y,(1,1,1) # py, (1)py, (1)py, (1) and Y3, ¥> and Y3 are not mutually independent.

3.16 Fxvy (00, 00) / / fxv(z,y)dzdy

// a:+yda:dy—/1a %—l—xy)
[t

=2a=1
Ora=1/2

0.5
(a) P(X <£05NY >1.0) = / / a(z + y)drdy = 0.875a = 0.4375
0

1
dy
0

[NCRES

(b) P(XY <1/2) = /Q/Ea(m+y)dmdy =9/32
1 0
() P(X <0.5]Y =1.5) = Fxy(0.5|1.5)

= [ tovtaban / v
_ [/00'5 alo + y)da:/ /01 alz + y)dar]

= 0.4375
(d) P(X<05]Y <15)=P(X <05nY <1.5)/P(Y < 1.5)

1.5 (0.5 15 p1
= / / a(z + y)dmdy/ / / a(z + y)dzdy
1 Jo 1 Jo

y=1.5

= 0.429
3.17 _ P(X<znX >100) P(100< X <)
P <2l 2100) = ——F5=700) =~ (X > 100)

Fx(l‘) —FX(IOO)
_ >1
1 — Fx (100) , #2100

5 —

b) _Ph<X<b) [P 7
P(Xx <Y ff/f 322dr D3 +8

3.18 P (X >b|X <

3.19 (a) P(X >3) =pxy(4,1) + pxy(5,0) = 0.0768 + 0.01024 = 0.087
(b) P(O<Y <3)=pxy(3,2) +pxy(4,1) + pxy(5.0)
=0.2304 + 0.0768 4+ 0.01024
=0.3174
P(X >3NnY <2)
P(Y <2)
_ pxy(4,1) + pxvy(5,0)
pxv(3,2) + pxv(4,1) + pxv(5,0)
. 0.087
©0.3174

(c) P(X >3]y <2) =

=0.274
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3.20 ( / / fxv(z,y)dzdy gives

T (- )(1—6 %)

/fXYﬂfy

e — , 0 1
=0 671) <wz<
=0, elsewhere
1
frw) = [ fxy(z,y)de
0
= ! Vo 0<y<?2
T-—en¢ Y
=0 elsewhere

(c) Since fxy(z,y) = fx(z)fv(y), X and Y are independent.

3.21 Let X be the driving time in minutes and Y be the time (in minutes) of leaving home
after 7:30 a.m. Then fxy(x,y) has the form as shown in the figure.

P(missing both trains) = Volume over shaded area

11
= 5555 X 5% 5) = 0.042

by (Z1)

]

Lty=55

Figure 3.21
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o'} 25
3.22 P(X<25NY >8) = / / Ixv(z,y)dzdy
8 —00

_ /8 v [ 2:; fx ()

(3 ool s [

= 0.0039

3.23 The jpdf of X and Y is

fXY(xay) =1 ) 0< (l‘,y) <1
=0, elsewhere

The required probability is the volume under fxy(z,y) with shaded area, shown below,
as base. Hence,

11
P (XY < 1) =1 —/ / fxy(z,y)dzdy
2 0.5/ 5

= 0.847

Figure 3.23

3.24 The required probability is the volume under fx(z)fy (y) over the base as shown in the
Figure. Hence,

P(X* +Y? < a?) = / / Fx (@) fy (y)dedy

m2+y2 Sa2

Using polar coordinates (2 + y? = r?, dzdy = rdrdf)

2T a
P(X*+V? <a?) = L / / e "2 1 drdf

-1— e—a2/2zr2

Figure 3.24
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3.25 Pmin(Xq,Xs,...,X,) <u]=P(X; <uUXs <uU...UX, <u)
=1-PX;>unXo>un...NnX, >u)
=1-P(X1 >u)P(Xz >u)...P(X,, >u)
=1-[1-Fx(uw)]"

Plmax(X1,Xs2,...,Xp) <u]l=P(X; <unXy<un... NX, <u)
= P(X; <u)P(Xy <u)...P(X, <u)

= [Fx (u)]"
3.26 Let
pXj(l)
Px;
pj = . and P = [P”] = [P(Xk+1 = 'L|Xk :.7)]
DPx; (7)
(a)
r0.007 r0.01617
0.00 0.035
0.04 0.080
ps = P3py = P% | 0.06| = |0.125
0.11 0.415
0.28 0.192
L0.51 | 10.137 ]

(b) pX4X3(i7j) =DPX4X3 (i|j)pX3 (.7) Hence7
PX4X3(L 1) = pX4X3(1|1)pX3(1) = (0388)(0016) = 0.006
and the others follow in a similar fashion. The result is

Table of px,x, (i, )
j= 2 3 4 5 67

0.006 0.004 0.003 0.003 0.004 0.000 0.000
0.002 0.009 0.008 0.005 0.010 0.002 0.001
0.003 0.008 0.015 0.014 0.031 0.008 0.005
0.001 0.004 0.015 0.027 0.051 0.017 0.011
0.002 0.007 0.029 0.054 0.196 0.075 0.050
0.001 0.002 0.005 0.015 0.071 0.060 0.032
0.000 0.001 0.005 0.008 0.052 0.030 0.038

N O UL W N~



