CHAPTER IV

4.1 All integrals can be carried out by using either direct integration, integration by parts,
table look-up or computer software.

(a) px(z)=1, =5

=0, elsewhere

mx = Zl’ipx(l“i) =5px(5) =5

(2

0% =Y (& —mx)’px(z:) = (5-5)°px(5) =

i

(b) px(z)y=1/3, =5
=2/3, =T
=0, elsewhere
mx = 5(1/3)+7(2/3) =19/3

0% = (5—-19/3)*(1/3) + (7 — 19/3)%(2/3) = 8/9
(€) px(z)=1/2", e =1,2,...

mx = ik(1/2’“) =2
k=1

s = B{X?} = ik2(1/2’“) =6
k=1

ox =z —myx =6—4=2

(d) fx(z)=ae ™ , >0

=0, elsewhere
myx = / z[ae” *|dz =1/a
0
o0
a = BE{X?} = / 22 [ae” "")dr = 2/a®
0

ox =2/a* —1/a*> =1/a®

(e) Consider the case a > 0.



SOLUTIONS MANUAL

fx(z) =az® ', 0<z <1

=0, elsewhere
1
mx = /0 r(az® ')dr = ai -
1 o \2 "
2 _ a—1 _
5 —/0 (a: a+1> (az®™")dx CETICESE
(£) 1
)= —F———,0<2z<1
fx(@) m/x(1 — x) -
=0, elsewhere
1 ! 1
mx= — a: dx =
mJo Jx(l-1) 2
1 [t 2 3
O‘QZE{X2}_— * dr =
TJo x(l—x) 8
3 1 1
Tx=0a-mi =5 3=3
1
() fx(z) = Ze’zﬂ x>0
(z) = ! =0
px\(T) = 9 xr =
fx(@) =0, elsewhere

Following the mass analogy, we have

mx= (0)px (0) + /OOO z Gem) do =1

o 1
ay= E{X?} = / z? <Zez/2> de =4
0

o%x=ay—m%x =3

100
4.2 (a) mx :/ z(0.1)dz = 95

90

100 25
ok = / (x —95)%(0.1)dr = =
90 3

(b) mx = /0 z[2(1 — z)]dx = %

ol = /0 (- %)2[2(1 o)z = lis

Consider

1 o0
_/ T
7)o |1+ 2?

2 [ 2
:—/ Y _jr = lim Zln(l +u?) = 00
0
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Hence, myx does not exist. Similar procedure shows that the variance, ¢%, as well
as all higher moments, does not exist.

4.3 fx(2)= %671/3 , 0<2<3

:16_””/3 , >3

As in Prob. 4.1(g), we have

3 00
mx=3 16_1 + T 1e_””/3 dx + T 16_“/3 dx
X 2 o \3 5 6

= 2.44 min
4.4 Let a= 207 b=1+0% ,c=0.33. We have
: 0.99967 R e
a
= —_— >
TR = oy 0 T 2¢
=0, elsewhere
° ar a b—c 1 c—1—+/1-0
mpg = T dr =5 5 + 5 In
. (r2—=2r+0b) 2 (1=b)(c2—2c+b) 2(1—-0b)32 ¢c—1++/1-0b

4.5 Let X be the score.
E{X}=4P(0< X <1/V3)+3P(1/V3<X <1)
+2(1< X <V3)

1/V3
P(0§X<1/\/§):/0 3ﬁdrzl/?;

Similarly,

P(l/\/§§X<1):%

P1<X <V3) =

=

Hence,
E{X}:4<%> +3<é> +2 (é) - %
4.6 (a) / ae " ?dr =1 gives a = %
0

(b) mx =2 ,0% =4. [see Prob. 4.1(d)].
X * x 1
— - _ < - o—x/2 _
(C) my—E{2 1}—/0 (2 1)26 de =0
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4.7 my =am+b

0% =a’0?
Setting my =0 and o} =1, we have a =1 and b= -2

4.8 Let Ty and T be, respectively, morning and evening waiting times in minutes. Then

25
TnT1 = 25 5 a’%l e E
10 50

mr, = 2 _
3 Ty

(a) mean = 5myz, + 5my, = 29.17min
(b) variance = 507, + 507, = 34.03 min®

c) mean = myp, — myg, = 0.42 min
1 2
variance = o + 03, = 6.81 min’

(d) mean = 5ms, — 5mr, = 2.10min
variance = 5(o%, + 0%,) = 34.03 min”

4.9 (a) B{X}= / (62)(1 — r)do = &

(b) E{%XQ} :/0 (%a?) 6w(1—w)dw:i—g

b
4.10 It is given that / fx(x)dr = 1.

b b
(a) mX:/ a:fX(a?)dargb/ fx(x)dz =b

Za/bfx(x)dm i
Hence, a <mx <b. "
(b) Let
/mx fx(x)dz = p and /b fx(@)dz =1—p

mx

A= [ e me @+ [ - m)? @)

mx

< (a—m%)p+ (b—mx)?(1—p) for all mx and p.

The minimum of the right-hand side occurs at mx = %t2 and p = 1, which can be
verified by taking partial derivatives of the right-hand side with respect to mx and
p and setting them to zero. Hence,

2 < <a_a—2|-b>2<%> +<b_a—2|—b>2<%> _ (b_4a)2

4.11 Chebyshev Inequality (4.17) gives

P(IX —mx| > k) < 0% /k?
or
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P(X —mx| <k)>1—- 0% /k?
If 6% =0, then P(|X — mx| < k) =1 for arbitrarily small ¥&. Thus

P(X:mx):].

4.12 fr(t) =( —p)Ae_M , t>0
pT(t) =D, t=20
frt) =0, elsewhere

(a) Asin Prob. 4.1(g), we have
my = 0(p) + /00 t(1 — p)re Mdt = 1-p
0

(b) (See Example 3.9)

(1 —p)re M .

I-p

B{T|T > 0} = / Ly (T > 0)dt =
0

fr@|T >0) =

4.13 Let X = driving time in minutes
Y = time (in minutes) of leaving home after 7:30 a.m.
Then .

= — 200<z < <y<
fxy(z,y) 300 0<z<30, 0<y <30

=0, elsewhere

Prob. of catching first train = P(X + Y < 35)

30 35—z
= / / Ixy (z,y)dydx
20 0
1

BE

Prob. of catching second train = P(X +Y < 55) — P(X +Y < 35)

30 55—z
/ / Py (e, y)dyde —
20

=0.62
Arrival time of first train = 8:35 a.m. = 8 hr + 35 min
Arrival time of second train = 9:00 a.m. = 8 hr + 60 min
35(1/3) + 60(0.62)
1/3+0.62

=8 hr + 51 min
=8:51 am.

E{Arrival time | catching one train} =8 hr

4.14 (See Example 4.8)
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Let Y = 1,2 be the events that the miner chooses to go to the right and to the left,
respectively. Then P(Y = 1) = 1/2 and P(Y =2) = 1/2. Let X be the time to safety in
minutes.

E{X}=E{X|Y =1}P(Y =1) + E{X|Y = 2}P{Y =2}

-earmn(2) e p(3) s (O] () o+ g
E{X} = 24min

4.15 Assume that Y is continuous
(a) BOXY =9} = [ afey(aly)ds

If X and Y are independent, fxy(z|y) = fx(z). Hence,
BIXIY =y} = [ Xfx()ds = B{X)

(b) B{XY|Y =y} = B{Xy|Y =y} = yB{X|Y =y}
(c) From Eq. (4.13), B{XY} = E{B{XY|V}}
From (b), E{XY|Y}=YE{X|V}
Hence, E{XY} = E{YE{X|V}}

4.16 From Chebyshev Inequality, we have
P(X =1 <0.75) > 1 — 0% /0.752 Tl

(et ,'
H , I
en;taX —11<0.75) > 1 - 0.59 = 0.41 f////-{///fﬁ

9 a5 0 L7540 A

The exact probability is given by

1 Figure 4.16
P(]X —1] <£0.75) = Shaded area = <§> (1.5) =0.75

ey

4.17 From Chebyshev Inequality,

1 =
1 — <1
P(|X_1|§h)21—wa 3h? ;_
1 1
>0, —>1
= 32 = = lower bound
.

From uniform distribution

PUX-1<0) = (3) @0 =n

=Y

asg I

o

oo Figure 4.17
118 mx = [ sfx(e)ds
0

:/Oaa:fx(a:)da:-l-/aooa:fx(a:)da:
> /:oﬂffx(l”)dl”
> [Cafs@ds=a [ pe)s = ap(x > o
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4.19 (a) Using Markov’s Inequality (Prob. 4.18)
P(X > 85) < 70/85 or P(X < 85) > 15/85
P(X > 55) < 70/55 or P(X >55) < 1
Hence, we can only say that
P(55 < X < 85) >0
(b) Using Chebyshev Inequality [Eq. (4.17)],
P(IX — 70| > 15) < 0% /15% = (10/15)2 = 4/9
Hence,
P(55< X <85)>1-4/9=5/9 , a much more improved bound.

4.20 mx = kpx(k) =100
k=0

[ee]
E{X?} = k’px(k) = 100% + 100

k=0
0% = B{X?} —m% =100

o2 1
P(80 < X <120) = P(]X =100/ <20) > 1 — X =1 - —
(80 < X < 120) = P 00 < 20) > 1 - o =3

Hence, a lower bound is 3/4.

4.21 (i) mx =Y zipxy(i,y;) = (1)(0.5) + (1)(0.1) + (2)(0.1) + (2)(0.3)) = 1.4

i,j

my = Zyjpxy(wi,yj) =14
2]

Q20 = Z-T?pxy(l‘i,yj) =22
2%}

a2 = Y yrpxy (@i, y;) = 2.2
1)

Qp11 = inyjpxy(a?i,yj) =21

Ug( = a;;— mg( =0.24

O'%/ = (p2 — m% =0.24

p= H11 _ 11 —MmxMmy —0.58
ox0y ox0y
B (o] (o] 2 1 13(1
(il) mx = / / zfxy(z,y)dzdy = a/ / z(z + y)dzdy = D
—o0 J —00 1 0

2 1 37
my = a/ / y(z +y)dzdy = —a
1 Jo 12
2 1 3
Qo = a/ / 2?(x + y)dzdy = ~a
1 Jo 4
2 41
99
gy = a/ / v (z +y)dzdy = —a
1 Jo 12
2 1 5
a1 = a/ / zy(z + y)dzdy = —a
1 Jo 3

) , 3 13 \°
UX:OéQO—mX:Za— Ea
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) , 59 37 \?
O'Y:O[(m—myzﬁa— Ea
Q11 —Mmxmy

OxX0y
(iii) X and v are independent with

fx(@)y=e™,2>0 fry)=e?,y>0
=0, elsewhere =0, elsewhere

From the results of Prob. 4.1(d),

mX:my:I

2 _ 2 _
ox =0y =1

p=0

(iv) mx = / / zldy(z — y)e~ @ dydz = 3
o Jo

Similarly, we have
my=1, o0%=25, 0b=05, p=045

4.22 mp = 1000 ohms
(1100 — 900)2 10000

2 2
0% = D 3 ohms
(a) my = E{(R+1)i} = (mg +1o)i = 20 volts
(b) o} =i%0% = = volts?

4.23 E{Z}=FE{V/X24+Y2}= /0 /0 Vz? + y2(xy)dzdy
= [ w2 -yl

0
=1.53

424 my = E{XY} = E{X}E{Y} =mxmy
az = E{Z%} = E{X*}E{Y?} = (0% +m%)(0} +m})
05 = az —mjy = (0% +m¥k)(o} +my) —mimi

= 03(0%/ + m2XJ%/ + m%og(
4.25 pn = E{(X —mx)(Y —my)} = E{[(X1 —mx,) + (X2 —mx,)|[(X2 — mx,) + (X5 — mx;)]}
= E{(X1 —mx,)(X2 = mx,) + (X1 — mx, ) (X5 — mx,)
+ (X2 —mx,)? + (Xo —mx,) (X3 —my,)}
=0+0+0%, +0=0%,
Ug( = Ug(l +U§(2 , 0'%/ = a§(2 +0’§(3

Hence,

2
_ M X,
PXY = =

TXY P 0k [T + 0k,
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4.26 px(i)=2a+b, i=-1 py(j)=2a+b, j=-1
=2, =0 =2b, =0
=2a+b, =1 =2a+0b, =1

pxy(—1,-1) =a ,px(-)py(-1) = (2a +b)* #a
Hence, X and Y are not independent.

mx = Zipx(i) =0,my = ijY(j) =0
P11 = Z ZijPXY(i,j) =(-D(-Da+ (-1)1)a+ (1)(-1a+ (1)(1)a=0

4.27 (a) my = mx, +mx,
0’% = Ugﬁ + 03(2

(b) px.y = E2{(X2 —mx,)(Y —my)} = B{(X2 —mx,)(X1 —mx,) + (X2 —mx,)*}
= UXg

2
0 Ux,y 0x, _ 0X,
XoY = = =

0X,0Y 2 2 2 2
2 UX2\/UX1 +0’X2 \/le +0’X2

If U§(2 > (7%(1 , px,y — L.

4.28 Let v; = X7. Then
my, = B{X;} = / o} fx; (x)dz; = \/%/ 22" 2y =1

PPy = BOXS) = [ sbin e =3

oy, = B{Y}} —m3j, =2

Now v =>"Y;, where ¥;’s are independent. Following Eqs. (4.38) and (4.41), we have

j=1

n n
my:Emyj:n,a%/:Eaf/j:%L
j=1 j=1

4.29 (a) The first part is shown in the text [Eq. (4.41)]. Since my = mx, + mx, +... +mx,,
we have

p=E{Y —my)’} = B{[(X1 —mx,) + (X2 —mx,) +... + (Xn —mx, )"}

n
=F

(Xj — ij)S + Z(X] — ij)(Xk — mxk)2

i
i#k

Jj=1

= Zuj + ZE{X] — mx; }E{(Xk - ka)2}

I
ik
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(b)

4.30 (a)

Since E{XJ — ij} =0
Consider E{(Y — my)*}.

E{(Y —my)*} = E{[(X; —mx,) + ...+ (X, —mx,)]*}

=1 ik
J i#k

I
ik

+E {Z(Xj —mx;)*(Xy — ka)Q}

n

- ZE{(XJ' —mx,)'} +0+ Zag(].aggk

=1 gk
J j#k

Hence, E{(Y —my)*} # iE{(Xj —mx;)"}

=1
Similar procedure can be used for higher-order moments.

ox (t) = e"Cpx (5) = €

mx = j ¢ (0) =j(5)) =5
azy = ¢ (0) = 25

Ug( =y — m%( =0

Ox (8) = € CIpx (5) + e Dpx (7) = 5" 4 ST

mx = j7 ¢ (0) =
ar = j 2P (0) = 6
og( =6-—-22=2

=E {i(XJ' _ij)4} +E {Z(Xj —mx;)* (Xy, — ka)}
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4.31 Mx(t) = E{e!X}
M (t) = E{Xe!™*} and M%(0) = ay
MY (t) = BE{X%!X} and M¥(0) = a»
Hence, M (0)=a, , n=1,2,...

4.32 Let Yy =a;X;, j=1,2,...,n
dy;(t) = B{e?™i} = BE{el%)Xi} = ¢, (a;t)
Since, from Eq. (4.71),
Py (t) = ¢y, (1) dy: (1) - .. Py, (1)
we have

oy (t) = dx, (a1t)dx, (azt) ... px, (ant)



