CHAPTER V

1
5.1 (a) px(@) =3, v=3
zg , =26
Hence,
1 1
py(3x—1):§,x:3 py(y)=§
2 o 2
= 5 , T :6 = g
The PDF of Y is
Fy(y)=0, y<8
1
=1, y>17
_ +1
(b) Fts) = PV <) = Fila )] = Fx (15 )
Hence,
Fy(y) =0, y<38
_ <yT+1>/3—1:L 8<y<17
=1, y> 17
5.2 !
: fX(-T):g ; 86 <2 <95
=0, elsewhere
C=5X-32)/9, g(z) =5(x—32)/9 and g '(c) = 9¢/5 + 32
Since the transformation is monotone, Eq. (5.12) gives
d —1
fe(e) = fxla 01| 22
o= (3) (2) =1, B0 s g
A9=\9)\5) "5 9 =°=" =€=

=0, elsewhere
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5.3 fx(x)=0, z < —1
=14z, -1<z<0
=1l-z,0<2<1
=0, z>1
d—l
g(z)=3z+2,97(y) = (y—2)/3 ’gTy(y)Zl/3
Eq. (5.12) gives

-1
et = sl ol |22 <o, (y-2)/3<—1ory<-1
=S+ =23 =g+ 1), -1<y<?
=3l- -2/ =56y, 25y <5
=0, elsewhere
5.4 For x>0
Fy(y) = P(Y <y) = P(VX <y) = P(X <y?) = Fx(y?)
Hence,
Fy(y)=Fx¥®) , y>0
=0, y <0

5.5 fx(z)= L €7m2/2,—oo<a7<oo

V21
Y=e¥ g(2)=¢ g7 (y) =Iny
Eq. (5.12) gives
= .
fy(y) = fX[gfl(y) ‘dgdy(y)‘ _ 1 o~ In%y/2 (i)
1

B yv 2T

=0, elsewhere

e U2 a0 oy 6™ ory > 0

_07 y<c
() e
dF:

(b) fy(y) = cll/y(y) =0, y<ec
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1

U2 — U1

5.7 fv(v) =

, U1 S v S U2
=0, elsewhere

v—c)? — _ In(r/a
(a) g(v):aeb( " g Yv)y=c+ (b/)

Since the transformation is monotone in the range (vy,vs) of v, Eq. (5.12) gives

N dg—t(r) 1 1 1 e e
[ 1 — - - b(’l}l C) < < b('l)2 C)
fr(r) = fvlg~ (r)] dr vy — 01 o bIn(r/a) , ae STrsae
=0, elsewhere
r \_r//
1
) [rreen o
1 |
1 Foa
o £ ¥ % W

Figure 5.7a

(b) In this case, g(v) admits two roots in the range (v;,v») and

v
gibr) = [ 0
dg; ! dg, " |
i) = ol 00 |2 g |22 )
1 1 2 a s o o
— < pr < gebvz—0) =1 1
<Uz —v1> ry/bIn(r/a) ’ == o 1:, :: "L'i o
=0, elsewhere
Figure 5.7b
58 fy(z) = bia ,a<z<b
=0, elsewhere

The given conditions imply that the transformation is monotone and non-decreasing.
Hence, Eq. (5.12) gives

) = fxlo~ )] \dgd—y(y’\

But ¢g=!(y) = z, the above is equivalent to

d

S hvly) = Ixlg™ )]
Now,

Z_i}: = d[il(f)] =g'lg7 ()]

fr(y) = fxlog" )] [1/ (%)}

Hence,

<bia> g,[g_ll(y)] , gla) <y < g(b)
0

, elsewhere



34 FUNDAMENTALS IN APPLIED PROBABILITY AND STATISTICS

5.9 Let the projected area be denoted by X. The transformation is

X =asin®
fo(®) =2/7 , 0< 6 < /2
=0, elsewhere

g(0) = asinf , g~'(z) =sin ' (x/a)

Since the transformation is monotone in the range (0,%) of ©, Eq. (5.12) gives

-1
Fx (@)= folg™ ()] ‘dgd—”
= (2) L = 2 0<z<a
N OO
=0, elsewhere
5.10
_ dFV(U)_ v o\ 796 v\ —6.96
e = TE=019 (g55) e |~ (555) ] 0>
=0, elsewhere
1
o) =t gt = Va0 (L) L

(a) Since V only takes positive values, the transformation W = aV? is monotone, Eq.
(5.12) gives

firtu)= frla ]|
—7.96 —6.96
_(0.19 1 Vw/a w/a
_<W> <\/w—/a><36.6> eXp[_<36.6> ] yw>0
=0, elsewhere

mw = E{W} = / w fw (w)dw = 1.71 x 10%a
0

E{W?} = / w? f (w)dw = 3.74 x 10%a>
0

oy = E{W?} —m}, = 8.05 x 10°a®

(b) mw = E{W} = E{aV?} = a/m v2 fy(v)dv = 1.71 x 10%a
0

E{WQ} - E{a2V4} = a2/ v4fv(v)dv =3.74 x 10542
0

oy = E{W?} —mi, = 8.05 x 10°a*
5.11 (a) g(z) = |z|
5w ==y, 9 W=y,y>0

Hence,
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_ dg, *(y) _ dg, " (y)
_ 1 1 1 2
fyW)= fxlg: " )] v + fxlgs ()] &
— \/%[e—mn% FemmD*2]) s
iy
=0, elsewhere

[ee]
2
my = / yfy(y)dy = \/;el/2 + 2 erf(1) = 1.1665
0

E{Y?} = / > fy (y)dy =2
0
0y = E{Y?} —m} =2 —m} = 0.6392

Figure 5.11

(b) my = B} = B(XT} = [ lslix(@)is

0 1 5 0 1 2
— . = —(z=1)%/2 d +/ |:_ —(z—-1) /2:| d
/;Oo xr [me } X o X ’_271-6 X
— [ 2612 4 2 erf(1) = 1.1665
™

B} = B{XP} = [ 2l =2

o} = E{Y?} —m} =2 —mi =0.6392

5.12 Since Y only assumes two discrete values (1 and 0), it is discrete with

py(y) = /OOO fx(z)dr ,y=1
= [ ez, y=0

5.13 For v > 0, the transformation is monotone and Eq. (5.12) applies.
g(v) =mv?/2 , g~ (z) = \/2z/m

Feto)= fvls™ @) |2

= a(2w/m)ei2bz/m ( L )

2y/2z/m

= g\/2ar/me_2b””/m , V2x/m>0orz>0

=0, elsewhere

1
5.14 (a) A= 41 R? , fR(r) =——,0.99) <r <1.01ry
0.027‘0

=0, elsewhere
g(r) = 4mr® g~ (a)= \/a/4n

The transformation is monotone in the range of R. Eq. (5.12) thus gives
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dg~" (a)

Fato= galy @) | 2

1 1
B (0.02r0> 4/ma
1
=—— 47(0.9979)% < a < 47(1.01r¢)?
0.08rgy/ar m(0.99r0)" < a < 4m(1.01ro)

=0, elsewhere

1/3
(b) V =gk ) = 3mr° g7 0) = ()

o= falg ]| 2

- 1 i 3_v —2/3
“\0.02rg ) 47 \4rx

1 3\ ~2/3 4
el 0 0871—7'- <E> B 571-(0997"0)3 S v S

=0, elsewhere

7(1.017p)3

W =~

5.15 For both parts, the transformations are monotone in the range r > 0 of R. Eq. (5.12)

thus holds.
(a) g(r)=v/r ;g () =v/i
(0= s~ ][ 2

2
_av —av/i(v)
i i
2,2
a’v® v/ . .
=—e€ /i y/i>0o0ri>0
i

=0, elsewhere

(b) W=I’R=1Iv, g(i) =iv, g-'(w) = w/v

furt)= ™ ) | 212

_ @ sy (1
w/v)3 v

_ a’vt J—y
w3

=0, elsewhere

) w/v>0orw>0

5.16 (a) (See Example 5.17)
fr)= [ fxily -2 (oo
= /1+y(1/2)(1/2)d$2 = % , —2<y<0
-1

:/1 (1/2)(1/2)dw2:¥, 0<y<2
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sint

(b) ¢X1 (t) = ¢X2(t) = % /_1 ejt’”dgg = T

. 2t
Oy (1) = bx, (Do, (1) = 2
Thus,
fr(y) = i/ e Wy (t)dt = 2hy , =2<y<0
2 | 4
2 —

5.17 (a) For ¢ >0,

o0 [ee]
P(T>t) = 4/ / e 2t+t2) gt dt,
0 t+t2
1
e—2t

1
FT(t)zl—P(T>t):1—§e_2t,t>0

fr(t) = dth(t)

Similarly, for ¢ < 0,
frt)=¢e*,t<0

Hence,

=e 2 t>0

frit)y =e 2 | —oo <t < o0

1 1
(b) mT:mTl—mT2:§—§:0
1 1 1
0%20%14-0'%2:14‘1:5

37

5.18 The characteristic functions of X; and X, have been obtained in Example 4.14. They

are
b, (1) = [pe?* + (1 = )"
Px,(t) = [pe* + (1 —p)]"
Then,
Py (t) = ¢x, (t)dx. (1) = [pe’’ + (1 —p)]™+"2

By Comparing ¢y (t) with ¢x, or ¢x,, it is clear that ¢y (¢) corresponds to a binomial

distribution with parameters (n; + ns,p).

5.19 (a) Consider
Fy(y) = P(Y <y) = P(X1 + X5 <y)

:P(X1:aﬂngy—a)+P(X1:br‘|X2Sy—b)

= P(X; = a)Fx,(y —a) + P(X1 = b)Fx,(y — b)
=pFx,(y —a) +qFx,(y —b)

fr(y) = d%y(y) =pfx,(y —a) +qfx,(y —b)
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or
fy () =pfvi(y) + afv. ()
where V; = X5 +a and Y, = X, + b.

171 - 27 1 )
(b) fry) = 3 L/ﬁey /2] +3 L/ﬂe(y” /2] , —00 <y < 00

Fyl¥)

°l

.. R i F—

R

Figure 5.19

5.20 (a) For cold redundancy, T. = T; + T». Eq. (5.53) gives
t t—to
FTc(t):/ / fr (1) fr, (E2)dty dt
t
= [ Fnlt-t)fr ()i

t
= / [1— e~ =) [aye 2] dt,
0

— (are™®" —aze™™") ;£ >0
1— G2
=0, elsewhere
aia
frt)= (e e t>0
=0, elsewhere

For hot redundancy, Ty = max(T,T5)

Fr, ()= P(Ty < t) = Plmax(T1,Ts) < #]
=P <tNTx <t)=P(T <t)P(Tzx < t) = Pr,(t) Fr, ()
=1 —-—e 1 -  t>0
=0, elsewhere

fr ()= a1e” " 4 aze™ 2t — (a1 + ap)e (@t 50

=0, elsewhere

(b) Since Ty + T» > max(Ty,T») for any non-negative values assumed by Ty and T», we
have
P[Tl + T2 Z t] Z P[maX(Tl,T2) Z t]

for every t. Hence, cold redundancy is preferred.

5.21 (See Example 5.15)
T = min(Tl,TQ)
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Using P(AUB) =1— P(AB), we have
FT(t) = 1—P(T1 >tNTy >t) = 1—P(T1 >t)P(T2 >t)
=1-[1-Fp,®)]1 - Fr,(t)]

dF;(t) = fr(®)[1 = Fr,(t)] + fr, [ — Fr, ()]
ale*mt[l _ (1 _ efazt)] + a267a2t[]_ _ (1 _ efa1t)]
(a1 + ag)e™ (¥t 150

=0, elsewhere

fr(t)=

Generalizing, let T = min(Ty,Ts,---,T},)
FT(t) = 1—P(T1 >tNTy >tN---NT, >t)
=1-[1=Fpr, @)1 - Fr,(t)]---[1 = Fr, (t)]

frt= "0 — g 00~ P11 - Pr, ()]
[1 = Fry ()] fr,(8)[1 = Fry (1)]---[1 = Fr, (#)]
+ e
+[1 = Fr,®)][1 = Fr, ()] -+ [1 = Pr,_, (O] fr. (1)
=(ay+ay+---+ an)e*(a1+az+---+an)t , t>0
=0, elsewhere
5.22 For j >0,

py(j)=P(Y =j) = P(Xz — X1 =)
=Y P(Xy=j+knX,=k)=> P(Xy=j+kP(X: =k)
k=0 k=0
Atke=A \ke— 0 \2k+i

_Z G+E)! K 2>\Zk'k+]

= e—”lj(m) ,j=0,1,...

where I;(z) is the modified Bessel function of order ;.

Similarly, for j <0,
x A\2k—Jj

523 Fv(ly) = //le(l'l)fXg(CUQ)d:Ulde

[R?:]z1—z2|<y]

To+y
= / / Ix, (x1) fx, (v2)dz1dzs
—00 JT2—Y

Figure 5.23
/ Fr (@) fx, (2 + 9) + Fxo (02 — y)]dms , —00 <y < 00

dFy (y

fy(y) = dy

5.24 Fi(i) = / / Fx (@) fe (c)dedz

[R2:c/22<i]
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The region R? for the intervals (i < 16, 16 < i <25 ,25 < < 64, 64 <4 < 100, and i > 100)
are areas above the respective curves as shown in the figure. Hence,

T

! ey
| o Yor

1 1 —

a fr igo c
Figure 5.24

Fr(i)=0, i< 16
2 1 256 2
Zi—32| 16 <i <25
/8 /64 36 [3\/5 3 ] B
2 244
sglwde=2-——, 25 < i < 64
/64 / 27\ =
\/100 100 1 1 2 .
:1_/ / —dcda:——[136 000 3] L 64 <i <100
1 2 36 3\/_ 3
=1, i > 100
and
~_ dF(i) ,
— = <16
fI(Z) dZ ) t —
2 [ 64 )
122 )
5773/3 25<i <64
1 [1000 1
= — |—= =] ,64<i<100
36 | 36372 3] RGN
=0, otherwise

5.95 Fy(y)= P(Y <y) = P (\/X% Txi< y)

:// Ix, (1) fx, (22)dz1dzy
(BT Tl <]

1 2 2

// L @200 ey
27

R2

Using polar coordinates: r = /2?7 + 22 and
6 = tan~!(z2/71), we have

2w
/ / e 2rdrdd =1 — e V12 , y>0
~or

fry)= W) ;y(y) i

=0, elsewhere

Figure 5.25

,y>0
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5.26 Fy(y /// Ix, (w1) fx, (22) fxs (23)doy d2odrs
\/WQ/]
Usmg spherical coordinates (r,6, ¢),
dzdzodzs = r?sin fdodhdr

and
V)= ﬁ / / / e~ a3 +3D/2 4 gy iy
i

_ 3/2 / / / e~ 2r2 sin Bdpdfdr

_ e T2/2
(2ﬂ)3/2/0 r? dr, y>0

2
fr(y)= \/7er—?! 2 y>0

Figure 5.26

=0, elsewhere
5.27 Let
X1 Y; X1+ X0+ X3
X=X and Y=Y, X4
X3 Y3 Xo
Then 91@) T1 + T2 +1€U3 ,g2(z) = 5511 , 93(z) = 72
DW=, 0 W) =ys, 95 (W) =y —y2—ys

According to Eq. (5.67), we have
fr(y) = fxlg~ @IIJ]

where
0 1 0
J=10 O 1|=1
1 -1 -1
fr(y)= 6 _ 0 >0,0<ys<y, 0<y; <y, —
Yy Y (1+y2+y3+y1_y2_y3)4 (1+y1)47y1_ 9 SYy2 59, SYs S Y2
=0, elsewhere

The desired pdf is fy,(y1) and we have

2

Y1—Yy2 Y1 3y1
fY1 yl / fY( )dy2dy3— ( )4 , Y1 > 0

=0, elsewhere
5.28 gi(z1,22) =21 + 22, go(x1,72) = 21 /(21 + 22)
97 (1, y2) = 112 %g—zfzm , %g—zj_;zyl
95 (y1,92) =91 —y1y2 aag—;:l =1-y, %g—;_; = -y
/= ‘1 %yz —y?;l -

Hence, Eq. (5.67) gives
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5.29

9.30
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friva(Wi,92)= fxix. (91 95 D]
= e Ve W) () gy >0, g1 —yay2 >0 0ry >0, 0<ys <1
=0, elsewhere
Hence,
viva(y,y2)=y1e™ ,y1 >0, 0<y2 <1
=0, elsewhere

We see that fy,v,(y1,y2) is in the form of fy, (y1)fy, (y2) with

fY1(y1) = y167y1 , Y1 > 0 d sz(y2) =1 )

an

=0, elsewhere =0,

Y; and Y, are thus independent.

Let
e ff] o[}

(W) =2 +y?, g2(w) = tan™' (y/x)
g7 (z) =rcos¢ , g3 '(z) =rsing

It follows from Eq. (5.67) that
fz(2) = fwlg~ (2)|J]

where
__|cos¢ —rsing|
" |sing  rcos¢
Hence
1 2 2 2 ;2 252
fg(z)_ 27r0_26 (r® cos® ¢+r°sin” ¢) /20 (,,,)
r 2
=3 se T r >0, —r<o<n
To
=0, elsewhere

By inspection, the marginal pdf’s of R and & are
fr(r)= —5e™ 2" r >0
g

=0, elsewhere
1
fa(9)= 5 . —r<p<nw
w
=0, elsewhere

Since fz(z) = fr(r)fa(¢), the r.v.’s R and & are independent.

In place of Eq. (5.64) one can write

/Rn/fYQ y—/ /fy N d

Using Eq. (5.63), we have
frlg(@) = fx (@)™

or

fr(y) = fxlg~ I

where J' is evaluated at z = g7 '(y)

0<y <1

elsewhere





